Abstract. Our first aim in this paper is to prove the vector-valued inequalities for some sublinear operators on Herz spaces with variable exponent. As an application, we obtain some equivalent norms and wavelet characterization of Herz-Sobolev spaces with variable exponent.
Introduction
The origin of Herz spaces is the study of characterization of functions and multipliers on the classical Hardy spaces ( [1, 8] ). By virtue of many authors' works Herz spaces have became one of the remarkable classes of function spaces in harmonic analysis now. One of the important problems on the spaces is boundedness of sublinear operators satisfying proper conditions. Hernández, Li, Lu and Yang ( [7, 17, 19] ) have proved that if a sublinear operator T is bounded on L p (R n ) and satisfies the size condition
for all f ∈ L 1 (R n ) with compact support and a.e. x / ∈ supp f , then T is bounded on both of the homogeneous Herz spaceK α,q p (R n ) and the nonhomogeneous Herz space K α,q p (R n ). This result is extended to the weighted case by Lu, Yabuta and Yang ( [18] ), and to the vector-valued case by Tang and Yang ( [25] ). As an application of [18] , noting that the Hardy-Littlewood maximal operator M is a sublinear operator satisfying the assumption above, Nakai, Tomita and Yabuta ( [22] ) have proved the density of the set of all infinitely differentiable functions with compact support in weighted Herz spaces. On the other hand, Lu and Yang ( [20] ) have initially introduced Herz-type Sobolev spaces and Bessel potential spaces, and proved the equivalence of them using boundedness of sublinear operators on Herz spaces. Later Xu and Yang ( [27, 28] ) generalize the result on Herz-type Sobolev spaces to the case of Herz-type Triebel-Lizorkin spaces.
Many results on wavelet characterization of various function spaces including Herz spaces are well-known now (cf. [5, 6, 9, 10, 12, 14, 21] ). The first wavelet characterization of Herz spaces is proved by Hernández, Weiss and Yang ( [6] ). The author and Tachizawa ( [12] ) have obtained the characterizations of weighted Herz spaces applying the boundedness of sublinear operators ( [18] ). Recently the author ( [9] ) and Kopaliani ([14] ) have independently proved wavelet characterization of Lebesgue spaces with variable exponent L p( · ) (R n ) by virtue of the extrapolation theorem due to Cruz-Uribe, Fiorenza, Martell and Pérez ( [2] ). Herz spaces with variable exponent are initially defined by the author in the paper [10] where he uses the Haar functions to obtain wavelet characterization of those spaces by virtue of the result on L p( · ) (R n ) ( [9, 14] ). He also gives wavelet characterization of non-homogeneous Herz-Sobolev spaces with variable exponent in terms of wavelets with proper smoothness and compact support ( [11] ). But the homogeneous case is not considered in [10, 11] where he follows an argument applicable only to the non-homogeneous case using local properties of wavelets.
In the present paper we will prove the vector-valued inequalities for sublinear operators on Herz spaces with variable exponentK α,q p( · ) (R n ) and
Additionally we apply the result to obtain Littlewood-Paley type and wavelet characterization of Herz-Sobolev spaces with variable exponenṫ K α,q p( · ) W s (R n ) and K α,q p( · ) W s (R n ). We note that our method is applicable to both the homogeneous and the non-homogeneous cases.
Let us explain the outline of this article. We first define function spaces with variable exponent in Section 2. We will state properties of variable exponent in Section 3. In Section 4 we prove the vector-valued inequalities for sublinear operators onK
Applying the results, we give Littlewood-Paley-type characterization ofK
We additionally prove wavelet characterization of them in terms of the Meyer scaling function and the Meyer wavelets in Section 6.
Throughout this paper |S| denotes the Lebesgue measure and χ S means the characteristic function for a measurable set S ⊂ R n . The set of all nonnegative integers is denoted by N 0 . A symbol C always means a positive constant independent of the main parameters and may change from one occurrence to another. The Fourier transform of a function f on R n is denoted
Definition of function spaces with variable exponent
In this section we define some function spaces with variable exponent. Let E be a measurable set in R n with |E| > 0.
where
The Lebesgue space L p( · ) (E) is a Banach space with the norm defined by
Now we define two classes of exponent functions. Given a function f ∈ L 1 loc (E), the Hardy-Littlewood maximal operator M is defined by
where B(x, r) := {y ∈ R n : |x − y| < r}. We also use the following notation.
Definition 2.2.
Later we will state some properties of variable exponent. Now we define Herz and Herz-Sobolev spaces with variable exponent. We use the following notation in order to define them. Let l ∈ Z.
We first define Herz spaces with variable exponent by analogy with the definition of the usual Herz spaces (cf. [6, 7, 17, 19] ). Definition 2.3. Let α ∈ R, 0 < q < ∞ and p( · ) ∈ P(R n ).
The homogeneous Herz spaceK
α,q p( · ) (R n ) is defined bẏ K α,q p( · ) (R n ) := f ∈ L p( · ) loc (R n \ {0}) : f K α,q p( · ) (R n ) < ∞ , where f K α,q p( · ) (R n ) := 2 αl f χ l L p( · ) (R n ) ∞ l=−∞ ℓ q (Z) = ∞ l=−∞ 2 αlq f χ l q L p( · ) (R n ) 1/q .
The non-homogeneous Herz space
are quasi-norm spaces with
(R n ) respectively. Next we define Herz-Sobolev spaces with variable exponent.
1. The homogeneous Herz-Sobolev spaceK
for all γ ∈ N 0 n with |γ| ≤ s.
The non-homogeneous Herz
The Herz-Sobolev spaces for constant p are initially defined by Lu and Yang ( [20] ). Both ofK
respectively.
Properties of variable exponent
Cruz-Uribe, Fiorenza and Neugebauer ( [3] ) and Nekvinda ([23] ) proved the following sufficient conditions independently. We remark that Nekvinda ([23] ) gave a more general condition in place of (3.2).
where C > 0 is a constant independent of x and y, then we have p( · ) ∈ B(E). 
Then the following conditions are equivalent. 
Propositions 3.2 and 3.3 lead the following corollary. 
where δ is the constant appearing in (3.4).
Proof. Take a ball B and a measurable subset S ⊂ B arbitrarily. We first show (3.5). By Proposition 3.2, p( · ) belongs to B(R n ). Thus M satisfies the weak (p( · ), p( · )) inequality, i.e., for all f ∈ L p( · ) (R n ) and all λ > 0 we have
If we take λ ∈ (0, |S|/|B|) arbitrarily, then we get
Since λ is arbitrary, we obtain (3.5). Next we prove (3.6). We can take a open cube
By virtue of B ⊂ Q B ⊂ √ nB and (3.5), we see that
The next lemma describes the generalized Hölder inequality and the duality of L p( · ) (E). The proof is found in [15] .
Lemma 3.5. Suppose p( · ) ∈ P(E). Then the following hold.
, then Corollary 3.4 implies that there exists a positive constant δ 1 such that for all balls B in R n and all measurable subsets S ⊂ B,
Thus we have that for all r > 0,
and u ′ r ( · ) also belong to P(R n ) and satisfy (3.1) and (3.2) for all 0 < r < p − . Because they are in B(R n ), we can take constants δ 2 , δ(r) > 0 such that for all balls B in R n and all measurable subsets S ⊂ B, (3.11) holds. In addition (3.10) and (3.12) are true with r = p 0 .
Applying Lemma 3.5 we obtain the following.
Proof. The assumption shows that
For each ball B we can take a cube Q B such that
Vector-valued inequalities for sublinear operators
In this section we prove the vector-valued inequalities for some sublinear operators on Herz spaces with variable exponent under proper assumptions.
Theorem 4.1. Let 1 < r < ∞, p( · ) ∈ B(R n ), 0 < q < ∞ and −nδ 1 < α < nδ 2 , where δ 1 , δ 2 > 0 are the constants appearing in (3.9) and (3.11) . Suppose that T is a sublinear operator satisfying the vector-valued inequality on
for all f ∈ L 1 (R n ) with compact support and a.e. x / ∈ supp f . Then we have the vector-valued inequality onK
for all sequences of functions
Moreover T also satisfies the same vector-valued inequality as (4.
Remark 4.2.
1. There do exist some operators satisfying vectorvalued inequality (4.1) provided p( · ) ∈ B(R n ), for example, the Hardy-Littlewood maximal operator and singular integral operators (see [2] ). 2. Theorem 4.1 is known when p( · ) equals to a constant p ∈ (1, ∞).
Hernández, Li, Lu and Yang ( [7, 17, 19] ) have proved (4.3) on the usual Herz spaces provided −n/p < α < n/p ′ .
In order to prove Theorem 4.1, we additionally introduce the next lemma which is well-known as the generalized Minkowski inequality.
Proof of Theorem 4.1. Our method is based on [18, Proof of Theorem 1] and [25] . We give the proof for the homogeneous case while the non-homogeneous case is similar.
Because T is sublinear, we have that
Thus we can decompose as follows.
For convenience below we denote F := {f h } h ℓ r . Since T satisfies (4.1), we can easily obtain
We consider the estimates of E 1 and E 3 .
For each j ∈ Z and l ≤ j − 2 and a.e. x ∈ R j , size condition (4.2), generalized Minkowski's inequality (4.4) and generalized Hölder's inequality (3.7) imply
On the other hand, Proposition 3.2 and Lemma 3.7 lead
Applying (4.5) and (4.6) to E 1 , we get
where b := nδ 2 − α > 0. Similarly we obtain
where d := nδ 1 + α > 0. To continue calculations for (4.7) and (4.8), we consider the two cases "1 < q < ∞" and "0 < q ≤ 1".
If 1 < q < ∞, then we use Hölder's inequality and obtain
If 0 < q ≤ 1, then we get
. Applying the same calculations to (4.8), we obtain
We have finished the proof. 
Proposition 4.4. If p( · ) ∈ B(R n ) and 1 < r < ∞, then we have
Because the Hardy-Littlewood maximal operator M is sublinear and satisfies the size condition
we immediately the following.
Corollary 4.5. Suppose that α, q and p( · ) satisfy the same assumptions as Theorem 4.1. Then we have
In addition, M also satisfies the same vector-valued inequality as (4.9) on K
In particular M becomes a bounded operator on Herz spaces with variable exponent. Thus the same argument as [22] leads the density of the set of all differentiable functions with compact support C ∞ c (R n ).
Theorem 4.6. Let s ∈ N 0 and suppose that α, q and p( · ) satisfy the same assumptions as Theorem 4.
Characterizations of Herz-Sobolev spaces with variable exponent
In this section we will give some equivalent norms on Herz-Sobolev spaces with variable exponent.
Characterizations of Herz spaces.
We first define a class of systems Φ(R n ) and Herz-type Triebel-Lizorkin spaces with variable exponent. Using them, we will characterize Herz spaces with variable exponent.
.
Now we give characterizations of Herz spaces with variable exponent.
Lemma 5.3. Let 1 < q < ∞, p( · ) ∈ B(R n ) and α ∈ R with |α| < n min{δ 1 , δ 2 }, where δ 1 , δ 2 > 0 are the constants appearing in (3.9) and (3.11). Then we havė
with equivalent norms. In particularK
In order to prove Lemma 5.3, we introduce weighted Lebesgue spaces, Muckenhoupt's A p1 class and the extrapolation theorem. A non-negative and locally integrable function is said to be a weight.
Definition 5.4. Let w be a weight and
. Now we define Muckenhoupt's A p1 weights.
Definition 5.5. The class of weights A p1 consists of all weights w satisfying
The next lemma is the extrapolation theorem due to Cruz-Uribe, Fiorenza, Martell and Pérez ([2, Corollary 1.11]). They have proved the boundedness of many important operators on variable Lebesgue spaces by applying the result, provided that M is bounded.
Lemma 5.6. Let p( · ) ∈ B(R n ) and A be a family of ordered pairs of nonnegative and measurable functions (f, g). Suppose that there exists a constant p 1 ∈ (1, p − ) such that for all w ∈ A p1 and all
w (R n ) , where C > 0 is a constant depending only on n, p 1 and A p1 (w). Then it follows that for all (f, g)
where C ′ > 0 is a constant independent of (f, g).
We also describe the duality of Herz spaces with variable exponent. The duality for usual Herz spaces is proved in [7] . By virtue of Lemma 3.5, the same argument as [7] leads the next lemma.
The same duality is also true for K α,q p( · ) (R n ).
Proof of Lemma 5.3. Define
Take a constant exponent p 1 ∈ (1, ∞) and w ∈ A p1 arbitrarily. By virtue of [16] , we have
Using Lemma 5.6, we get 
Using the Plancherel formula and the properties of {ϕ j } ∞ j=0 , we obtain
By the Cauchy-Schwarz inequality and generalized Hölder inequality we have
Combining (5.4), (5.5) and (5.6), we have (5.3). The non-homogeneous case follows by the same argument.
Characterizations of Herz-Sobolev spaces.
We need preparations in order to get equivalent norms of Herz-Sobolev spaces with variable exponent. In this subsection we refer to [26, 28] .
be a sequence of compact sets of R n defined by Ω j := {x ∈ R n : |x| ≤ d j } for each j ∈ N 0 , 0 < q < ∞, p( · ) ∈ P(R n ), 0 < r < p − and −nr −2 δ 1 < α < nr −1 δ(r), where δ 1 , δ(r) > 0 are the constants appearing in (3.9) and (3.12). Suppose the following (I) or (II).
(I) r = p 0 , p( · ) ∈ B(R n ) and p − < 2, where p 0 ∈ (1, p − ) is the constant appearing in Proposition 3.2.
(II) p( · ) satisfies (3.1) and (3.2) in Proposition 3.1.
Then there exists a constant C > 0 such that
and supp f j ⊂ Ω j for each j ∈ N 0 . The same inequality as (5.7) also holds for the non-homogeneous case.
Denote u r ( · ) := r −1 p( · ). Note that 1 < 2/r < ∞ and −nδ 1 r −1 < rα < nδ(r). Applying Corollary 4.5 we obtain
Namely we have proved (5.7). The non-homogeneous case is obtained by the same argument as above.
of functions with compact supports such that
We define the maximal function for each j ∈ N 0 , (5.9) (ϕ * j f )(x) := sup
Lemma 5.10. Let r > 0, s ∈ R and L ∈ N such that L > |s|+3n/r +n+2. Then there exists a constant C > 0 such that
Applying Lemma 5.10 and Theorem 5.8 with f j = F −1 ϕ jf and d j = 2 j+2 , we immediately obtain the following lemma.
Lemma 5.11. Let 0 < q < ∞, p( · ) ∈ P(R n ), 0 < r < p − , −nr −2 δ 1 < α < nr −1 δ(r), where δ 1 , δ(r) > 0 are the constants appearing in (3.9) and (3.12), s ∈ N 0 and L ∈ N with L > s + 3n/r + n + 2. Suppose (I) or (II) in Theorem 5.8. Then there exists a constant C > 0 such that
The same inequality as (5.10) also holds for the non-homogeneous case.
The next theorem is the Fourier multiplier theorem for Herz-Sobolev spaces with variable exponent.
, where δ 1 , δ(r) > 0 are the constants appearing in (3.9) and (3.12), s ∈ N 0 and L ∈ N with L > s + 3n/r + n + 2. Suppose (I) or (II) in Theorem 5.8. Then there exists a constant C > 0 such that
, where
The same inequality as (5.11) also holds for the non-homogeneous case.
A function m is said to be a Fourier multiplier forK
(R n ) . The non-homogeneous case follows by the same argument. Now we have some equivalent norms of Herz-Sobolev spaces with variable exponent.
0 , δ 1 , δ 2 }, where δ 1 , δ 2 > 0 and p 0 ∈ (1, p − ) are the constants appearing in (3.9), (3.11) and Proposition 3.2, respectively, and δ(p 0 ) > 0 appears in (3.12) with r = p 0 . (II) p(·) satisfies (3.1) and (3.2) in Proposition 3.1, and |α| < n min{δ 1 , δ 2 }. Then the following four values
. The same equivalence also holds for the non-homogeneous case.
Remark 5.14. Theorem 5.13 is proved by Xu and Yang ( [27, 28] ) for constant p in the setting of Herz-type Triebel-Lizorkin spaces provided −n/p < α < n/p ′ .
Proof. Below we denote
We also note that Theorem 4.6 shows the density of
. Thus we have only to prove
• Proof of (5.12): By Lemma 5.3 we have
• Proof of (5.13): We define ϕ s j * f by (5.9) with r := p 0 if we suppose (I), r := 1 if we suppose (II). Using Lemmas 5.11 and 5.3 we obtain
• Proof of (5.14): Note that 
• Proof of (5.15): We can take Fourier multipliers
. Therefore using Lemma 5.3 and Theorem 5.12 again, we obtain
Consequently we have proved the theorem forK
is proved by the same argument.
Wavelet characterization of Herz-Sobolev spaces
Based on the fundamental wavelet theory (cf. [21] ), we can construct functions ϕ, ψ 1 , ψ 2 , . . . , ψ 2 n −1 satisfying the following.
1. ϕ, ψ l ∈ S(R n ) for every l = 1, 2, . . . , 2 n − 1. 2. The sequence (k 1 , . . . , k n ) ∈ Z n ), and f, g denotes the L 2 -inner product, namely f, g := R n f (x)g(x) dx. In terms of the square function Uf , we have the following wavelet characterization of Herz-Sobolev spaces with variable exponent.
Theorem 6.1. Let s ∈ N 0 , 1 < q < ∞, p( · ) ∈ P(R n ) and α ∈ R. Suppose the following (I) or (II).
(I) p(·) ∈ B(R n ), p − < 2, (p ′ ) − < 2 and |α| < n min{δ(p 0 )p
0 , p −2 0 δ 1 , δ 2 }, where δ 1 , δ 2 > 0 and p 0 ∈ (1, p − ) are the constants appearing in (3.9), (3.11) and Proposition 3.2, respectively, and δ(p 0 ) > 0 appears in (3.12) with r = p 0 . (II) p(·) satisfies (3.1) and (3.2) in Proposition 3.1, and |α| < n min{δ 1 , δ 2 }.
Then we have that for all f ∈ K α,q p( · ) W s (R n ), (6.1)
Additionally if α satisfies α < n(p ′ )− q ′ (p ′ )+ , then the same wavelet characterization as (6.1) also holds forK α,q p( · ) W s (R n ).
Remark 6.2. Before the proof, we have to check that the wavelet coefficients { f, ϕ 0,k , f, ψ l j,k } l,j,k are well-defined in Theorem 6.1. We first consider the homogeneous case. If S(R n ) ⊂K
holds for all f ∈K 
Hence we obtain the estimate By virtue of K > −αq ′ + nm 0 and α < n q ′ m0 , both of the two series are finite. Therefore we have proved S(R n ) ⊂K −α,q ′ p ′ ( · ) (R n ). In the non-homogeneous case, the similar calculations imply S(R n ) ⊂ K −α,q ′ p ′ ( · ) (R n ) without the assumption α < n q ′ m0 . We will prove Theorem 6.1 for the non-homogeneous case while the homogeneous case is similar. In order to prove the theorem, we need the following two lemmas.
Lemma 6.3. Let γ ∈ N 0 n with |γ| ≤ s. Then we have that for all f ∈ K α,q p( · ) W s (R n ),
Lemma 6.4. Let N ∈ N 0 and γ ∈ N 0 n such that |γ| ≤ N . Then we have that for all f ∈ K α,q
Proof of Lemma 6.3. We see that
